Abstract. Let G be the real symplectic group Sp(2n, R). This paper determines the global sections of certain line bundles over the spherical nilpotent K C -orbit O. As a consequence, Vogan's conjecture for these orbits is verified. The conjecture holds that there exists a unique unitary (g, K)-module structure on the space of the algebraic global sections of the line bundle associated to the admissible datum, provided that the boundary ∂O has complex codimension at least 2 in O. Similar results are obtained for the metaplectic twofold cover Mp(2n, R) of Sp(2n, R).
Introduction
Orbit method plays an important role in representation theory of Lie groups. Kirillov used it to classify the unitary dual of simply connected nilpotent Lie groups. After that Kostant and Auslander later classified the unitary dual of simply connected solvable Lie groups of type I. Both classifications indicated that there should exist a correspondence between the coadjoint orbits and the unitary dual. However Duflo defined a subset of coadjoint orbits called admissible coadjoint orbits, which he found were more closely related to the unitary dual of reductive Lie groups. Later, Vogan intended to reduce these orbits to nilpotent coadjoint orbits, the quantization of which then became the key issue (see [22] ). This paper tries to quantize the spherical nilpotent coadjoint orbits, in the hope that it could shed new light on the orbit method of real reductive Lie groups.
Let G be a connected real reductive Lie group in Harish-Chandra's class with Lie algebra g 0 . Then the nilpotent coadjoint G-orbits in g * 0 can be identified with the nilpotent adjoint G-orbits in g 0 by a nondegenerate g 0 -invariant bilinear form. Let K be the maximal compact subgroup of G, and K C be the complexification of K. According to Kostant-Sekiguchi correspondence, the nilpotent G-orbits in g 0 are in one-to-one correspondence with the nilpotent K C -orbits in p, where g = k + p is the complexified Cartan decomposition of g 0 .
Let O be a nilpotent K C -orbit in p, and O be the Zariski closure of O. O is called a Vogan orbit if the boundary ∂O has complex codimension at least 2 in O. This paper adopts Vogan's definition of admissible orbits, while Duflo's definition as mentioned above is equivalent to Vogan's definition of nilpotent K C -orbits (see [20] ). Let (x, χ) be an admissible datum of O (see Section 2). Then we can define a K C -equivariant algebraic vector bundle V χ = K C × K C (x) χ, where K C (x) is the stabilizer of x in K C . The following conjecture describes the unitary representation "attached" to (x, χ). [20, In [6] , Huang and Li study the associated varieties of the representations obtained by theta lifting. Combining it with the classification of low rank representations, they prove that the representations, whose associated varieties are the closure of spherical orbits, should be obtained by theta lifting. In [15] , Nishiyama, Ochiai, Taniguchi and Yamashita find the irreducible unitary representations attached to the holomorphic orbits by theta lifting. All these findings indicate that the unitary (g, K)-module structure conjectured by Vogan should be obtained by theta lifting.
Vogan's conjecture
Given a nilpotent K C -orbit O in p, there is a Kostant-Sekiguchi triple (Definition 2.2) {x, h, y} attached to O. The adjoint action ad h on g gives a grading on g,
We define a parabolic subalgebra
Let Q = L C U be the corresponding parabolic subgroup of K C . Moreover, the g-height of O is defined as the largest m such that g(m) is nonzero.
Let G be the real symplectic group Sp(2n, R) (or Mp(2n, R)) and O be a spherical nilpotent K C -orbit. Then the g-height of O is less than or equal to 2, which makes it possible to determine the space of global sections Ind
χ of the equivariant line bundle associated to the admissible datum. The approach adopted here is induction by stages. To be more precise, since K C (x) ⊂ Q ⊂ K C , it can be deduced that Ind 
and the associated variety AV((θ(ξ))
, this representation is unique up to isomorphism. [16] ). Moreover, these results can be generalized to other real classical groups of type I.
In [2] , Binegar tries to realize these representations by the degenerate principal series. In [12] and [13] , Lee and Zhu prove that some of these representations could be embedded into the degenerate principal series.
This paper consists of four parts. Section 1 is the introduction. Section 2 reviews some results on nilpotent K C -orbits and Vogan's conjecture, and then explains the author's method of calculating the global sections of 
Global sections of line bundles over nilpotent orbits
This section begins with some results on nilpotent orbits for real reductive Lie groups in Harish-Chandra's class. Then Vogan's definition on admissible nilpotent K C -orbits and Vogan's conjecture are introduced. Then the explanation of the author's method of computing the admissible datum and the global sections of a line bundle associated to it follows.
2.1. Nilpotent orbits and Vogan's conjecture. Let G be a real reductive Lie group in Harish-Chandra's class. Let g 0 stand for the Lie algebra of G and g for its complexification. Analogous notation will be used for other groups. Fix a Cartan involution θ of G, then the fixed points K = G θ is a maximal compact subgroup of G. We write g 0 = k 0 + p 0 for its Cartan decomposition and g = k + p for the complexified Cartan decomposition. Now extend θ to g as a complex linear involution, and define σ to be the conjugation of g with respect to g 0 . K C is written for the complexification of K.
Consider the adjoint action of G on g 0 . An element x ∈ g 0 is called nilpotent if rx ∈ G · x for all r > 0. Nilpotent elements in p can be defined in similar ways. Let N g 0 , N p denote the set of nilpotent elements of g 0 and p respectively. N g 0 /G, N p /K C will denote the nilpotent orbits in g 0 and p under the action of G and K C respectively. Let x ∈ g 0 be a nilpotent element; then there exists a standard triple {x , h , y
We call x the nilpositive element of this sl 2 -triple.
Fixing a Cartan involution θ, one can show any standard triple {x , h , y } ⊂ g 0 is conjugate to another triple {x, h, y} such that θ(h) = −h, θ(x) = −y. Triples with this property are called Cayley triples.
Given a Cayley triple {x , h , y }, let
Then {x, h, y} is a standard triple in g, which is called the Cayley transformation of {x , h , y }. It follows immediately that h ∈ k and x, y ∈ p. Any standard triple in g with this property is called normal. We write Λ = (+m 1 ) 
An admissible datum is a pair (x, χ) where χ is an irreducible admissible representation of K C (x). Then there is a K C -equivariant algebraic vector bundle
is called admissible if the admissible orbit data (x, χ) exists. In fact, this is not the original definition of admissibility by Duflo, but J. Schwartz proved that this is equivalent to Duflo's definition (see [20] ). Given an admissible datum, Vogan has a conjecture to predict the K-types of the quantization. 
Global sections of the line bundles. Let
The adjoint action ad h on g gives a grading on g,
We define the g-height (resp. k-height, p-height) of O to be the largest m such that g(m) (resp. k(m), p(m)) is nonzero. With this grading, we define a parabolic subalgebra
and let U be the connected subgroup in K C with Lie algebra u. One proves (see [1] ) that if h satisfies the condition
Proposition 2.7 ([1], Proposition 3.2). With the above setting, write K C (x) for the stabilizer of x in the adjoint action. There is a Levi decomposition
K C (x) = L C (x)U (
x). In particular, this isotropy group is contained in Q.
If the nilpotent K C -orbit has p-height less than or equal to 2, the nilpotent radical u is contained in k(x), and U = U (x). Then we have the following proposition.
is completely reducible as a Q-module, and we can identify it with the trivial extension of an
This implies Ind
By Frobenius reciprocity, Ind
King has obtained l and l(x) in [10] , but L(x) is not necessarily connected even if L is connected. Then we use the Kostant's Borel-Weil theorem ( [11] , Theorem 6.4, see also [1] , Theorem 3.10) to calculate Ind
Finally, we need to determine the character χ. Because of the definition,
With the following proposition, if we determine u − is an l-module, we will determine d γ and χ.
Proof. Since the restriction of d γ| u(x) is trivial, it's enough to prove that
is the direct sum of its semisimple part s.s.l(x) and center c, i.e.,
* are isomorphic as c-modules. Since both l(x) and l are reductive Lie algebras, there exists a Cartan subalgebra t ⊂ l, such that t ∩ l(x) is a Cartan subalgebra of l(x) and c ⊂ t. Then c acts trivially on
Reductive dual pair and theta lifting
This section reviews some fundamental results on dual pairs. Specifically it focuses on the type I dual pairs in the stable range.
3.1. Preliminary of theta lifting. We fix an oscillator representation Ω of Sp(2N, R). It is a representation of the metaplectic twofold cover Mp(2N, R) of Sp(2N, R). Let Z 2 = {±1} be the kernel of the projection pr : Mp(2N, R) → Sp (2N, R) . Let (G, G ) be a reductive dual pair in Sp (2N, R) , and G, G be the corresponding inverse images in Mp(2N, R). Let C(g , K ) be the set of the isomorphic classes of irreducible (g , K )-modules, and R(g , K ; Ω) be the subset of C(g , K ) which can be realized as a quotient of Ω. Given any π ∈ R(g , K ; Ω), let
where Ω(π ) is a (g, K)-module. We call Ω(π ) Howe's maximal quotient. Letˆ G( ) be the set of irreducible unitary genuine representations of G. Analogous notation is used for other groups. The following theorem, which is proved by J.-S. Li, is a powerful tool in studying the unitarity preservation of theta lifting. We consider the following see-saw pair,
and denote the theta lifting from K to M by ρ. 
Combining these two theorems, we have the following corollary.
Corollary 3.6. Let (G, G ) and ξ be the same as in Theorem 3.4. Then the K-types decomposition of θ(ξ) is given by
θ(ξ)| K τ dim Hom G (ρ(τ ), ξ) · τ.
Quantization of spherical nilpotent orbits
This section consists of three parts. The first is the computation of the spherical admissible orbits of Sp(2n, R) (Mp(2n, R) ) and the determination on the global sections Ind 
* with Ind
Nilpotent orbits of sp(2n, R).
The real symplectic group is the subgroup of GL(2n, R) which leaves the symplectic form invariant given by
where I n is the identity matrix of order n. The Lie algebra of Sp(2n, R) is
The complexification of sp(2n, R) is sp(2n, C), and the complexified Cartan involution is given by
The conjugation σ with respect to the real form sp(2n, R) is the ordinary complex conjugation.
We define 
It follows immediately that {x, h, y} is a Kostant-Sekiguchi triple of Sp(2n, R) corresponding to the signed Young diagram (+2) p (−2) q (+1) 2(n−p−q) . The maximal compact subgroup K of Sp(2n, R) is isomorphic to U (n), and the embedding is given by
A .
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We put
The 
Let G be the metaplectic twofold cover Mp(2n, R). Then there exists a nonsplit exact sequence
Let H be a subgroup of Sp(2n, R) and H be the inverse image of H in G. The projection pr induces an isomorphism between the Lie algebra of H and the Lie algebra of H. Without confusion, we write h 0 for the Lie algebra of H. Since the image of Z 2 is contained in the center of Mp(2n, R), we can parameterize the coadjoint orbits of Mp(2n, R) by the coadjoint orbits of Sp(2n, R). Then the spherical nilpotent K C -orbits of Mp(2n, R) are parameterized by the spherical nilpotent K C -orbits of Sp(2n, R). The sl 2 -triple {x, h, y} is also a Kostant-Sekiguchi triple of Mp(2n, R) corresponding to the signed Young diagram (+2)
, and the centralizer of h in K is isomorphic to L.
By Proposition 4.5 in [23] , we have the following proposition.
Proposition 4.1. Let O be a nilpotent orbit corresponding to the signed Young
diagram (+2) p (−2) q (+1) 2(n−p−q) .
Then it is a Vogan orbit if and only if n > p + q. Let {x, h, y} be a Kostant-Sekiguchi triple corresponding to O, and Q
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It's a Vogan orbit if and only if
and
Line bundle associated to the admissible datum. First, we consider
and d γ is trivial on so(p, C) × sl(n − p − q, C) × so(q, C), it's enough to determine the action of c on u − . Furthermore, c is contained in a Cartan subalgebra of l. In the following table, we list the weights of u − as l-module: Table 1 . Weights of u − as l-module
where τ
is an irreducible finite dimensional highest weight gl(n−p−q, C)-module with highest weight Now we turn to the metaplectic twofold cover Mp(2n, R). K is a nonsplit twofold cover of U (n), and τ q−p 2 1 n n is a character of K and then K C . The twofold cover K can be realized as
we have
we can parameterize the admissible data by the representations of K C (x) (or more precisely L C (x)).
Proposition 4.3. The spherical Vogan orbit
is admissible for all p, q. 
Each corresponds to a line bundle which is associated to an admissible datum given in Proposition 4.2 (resp. Proposition 4.3).
If pq = 0, only the first two terms are left.
Proof. We prove this theorem for Sp(2n, R) and the computations for Mp(2n, R) are left to the reader. By Frobenius reciprocity,
In order to calculate Ind
where α, γ, β are the highest weights of the corresponding irreducible finite dimensional representations. We only consider the case of χ 1 1 1. Others are similar.
After calculating the eigenvalue of ad h on sp(2n, R), it follows immediately that this orbit has g-height 2. By Proposition 2.8, Ind Q K C (x) χ is completely reducible and
Because the U -action is trivial, 
where α * (resp. β * ) is the highest weight of (τ Then Ind
, and all a i , b j are even. With a slight adjustment to our notation, then O(p, q) . We denote the theta lifting of ξ to Sp(2n, R) by θ(ξ), and the maximal quotient by Ω(ξ). There exists a see-saw pair
O(p, q).
By Corollary 3.6, the U (n)-types of θ(ξ) are given by
Since U (p, q) is defined by a character det
We denote ρ(τ )⊗det 
Then the restriction
Summarizing, we have
Kudla and Rallis obtained these results in [12] . We parameterize the genuine uni- Given τ in the possible range, we now explain our method for calculating dim Hom O(p,q) (ρ(τ ), ξ). If ρ(τ ) occurs in the discrete part of the decomposition
then dim Hom SO e (p,q) (ρ(τ ), 1) = 0. Given any nontrivial f ∈ Hom SO e (p,q) (ρ(τ ), 1), it can be extended to a homomorphism in Hom O(p,q) (ρ(τ ), ξ ) for some unitary character ξ . Since
we have Hom O(p)×O(q) (σ, ξ ) = 1, and ξ is determined by the branching Res 
where and ρ(τ ) = U(p + ) · σ. Since ρ(τ ) is a discrete series representation of U (p, q) (see [7] ), by Theorem 9.20 in [8] , λ is the Harish-Chandra parameter of ρ(τ ). Moreover, by Theorem 11.178 in [9] Comparing the K-module structure of Ind 
The associated variety AV(θ(ξ)
* ) has been obtained by Przebinda ([18] , corollary 7.10 and [19] , Theorem 1.4; see also [16] , lemma 4.13). Then we have AV(θ(ξ) * ) = O. If (p, q) = (1, 1) and pq = 0, by Theorem 5.5 in [6] , this unitary representation θ(ξ) is unique up to isomorphism. If pq = 0, the uniqueness property can be obtained by checking the K-types structure and the classification of low rank representations.
